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ABSTRACT

For a simple non-compact Lie group G with finite center we determine the
smallest integer n(G) such that G has an almost effective action on a com-
pact manifold of dimension n(G) and characterize the compact manifolds
of dimension n(G) on which G acts. We study actions of a semisimple
group G on compact manifolds of dimension n{G) + 1 and determine the
orbit structure of the action of G and its maximal compact subgroup. We
give several examples to illustrate the results.

Introduction
Qur goal in this paper is to obtain a fairly thorough understanding of the orbit
structure of low dimensional actions of semisimple Lie groups. One of the starting
points for this investigation is a classical result of Mostert [10] which asserts
that if K is a compact group acting on a closed manifold M with an orbit of
codimension one then the orbit space M/K is homeomorphic to S? or to the
closed unit interval I, and in the former case, the K-orbits fiber M over S!. The
principle result of this paper is an analogue of Mostert’s theorem for actions of
non-compact semisimple Lie groups on closed manifolds.

One sees quickly that the direct analogue of Mostert’s theorem is false for
noncompact groups. For example, let G = SL(2,R) and consider the natural
embedding of SL(2,R) in SL(3,R) as the subgroup of matrices of the form

a b 0
c d 0
0 01
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Let P be the stabilizer in SL(3,R) of the z-axis in R?, and let G act on the
manifold SL(3,R)/P = RP? by left translation. There are three G orbits: a
fixed point corresponding to the z-axis; an RP! corresponding to the z — y
plane; and the complement of these two compact orbits. Thus the orbit space
G\RP? consists of three points, two of which are closed in the quotient topology.
Another example is obtained by taking the adjoint representation of SL(2,R),
Ad: SL(2,R) — SL(3,R), followed by the natural embedding of SL(3,R) in
SL(4,R). One obtains an action of SL(2,R) on RP? with orbits of dimensions 0,
1, and 2. The orbit structure in this example is already quite complicated. These
examples indicate not only that Mostert’s theorem is false for noncompact groups,
but also that the hypothesis of an orbit of codimension one does not impose very
strong restrictions on the orbit structure of an action of a non-compact group.

In order to find a hypothesis which is suitable for noncompact groups we recast
a special case of Mostert’s theorem. For any connected Lie group G let n(G) be
the minimum dimension of a closed manifold on which G acts smoothly and
almost effectively. (Recall that a group action is almost effective if the kernel
of the action is discrete.)

COROLLARY TO MOSTERT’S THEOREM: Let K be a compact group. If K acts
almost effectively on a closed manifold of dimension n(K) + 1, then M/K is

homeomorphic to S, I, or a single point.

Proof: Since the nontrivial orbits of K must have dimension at least n(K), we
see that either K acts transitively on M, in which case M/K is a point, or there

is an orbit of codimension one , in which case Mostert’s theorem applies. |
We prove the following analogue of Mostert’s theorem.

THEOREM 6.9: Let G be a connected semisimple real Lie group with finite cen-
ter. Suppose G acts smoothly and almost effectively on a closed manifold M of
dimension n(G)+1. Let K be the maximal compact subgroup of G. Then M/K
is homeomorphic to S*, I, or a point. In the first case the K-orbits fiber M over
St

Since the G-orbits are connected K-saturated subsets of M we deduce imme-

diately

THEOREM 6.11: Let G be a connected semisimple non-compact Lie group with
finite center acting smoothly and almost effectively on a closed manifold M of
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dimension n(G) + 1. Let M/G be the orbit space of the action with the quotient
topology. Then M/G is obtained from S? or I by identifying (possibly infinitely
many) open intervals to points.

As applications of this theorem we determine all closed manifolds in dimension
two which admit an effective action of a noncompact simple Lie group, and all
closed manifolds of dimension three which admit an effective action of a noncom-
pact simple Lie group not locally isomorphic to SL(2, R).

To prove Theorem 6.9, it suffices (if the action is not transitive) to produce
a single K-orbit of codimension one. Our approach to this is to identify the
minimal sets of the G-action and then to relate the action of K to these minimal

sets. A key step in this program is

COROLLARY 1.12: Let G be a real algebraic group, and suppose G acts smoothly
and almost effectively on a compact manifold M. Let z € M be a point contained
in a minimal set of the action. Let G, be the stabilizer of z, and G its identity

component. Then Ng(G?) is a cocompact real algebraic subgroup of G.
We deduce from this

THEOREM 6.6: Let G be a noncompact simple Lie group with finite center. Then
n(G) is the minimum codimension of a maximal parabolic subgroup of G. G
acts effectively on a compact manifold M of dimension n(G) then M is a finite
equivariant cover of G/S for some maximal parabolic S C G.

In section 4, we compute, for each simple Lie group G, the minimum codi-
mension of a maximal parabolic subgroup of G. Although this computation is of
independent interest, it is also a necessary ingredient in the proof of Theorem 6.9.
Note that Theorem 6.6 has an extension to semisimple Lie groups; the precise
statement is given below.

This paper was motivated in part by (and employs some of the techniques used
in the proof of) the following result of Zimmer:

THEOREM [21]: Let G be a semisimple Lie group with finite center and suppose
that G acts smoothly on a compact manifold M preserving an H-structure on
M, where H is a real algebraic group. Then R — rank(G) < R — rank(H).

In the special case of H = GL(n,R), n = dim(M), the theorem just says
that dim(M) > R-rank(G). Although this special case hardly does justice to the
theorem, it is interesting to note that in the special case the theorem is far from
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being optimal. For example, G = SU(2,2) has real rank 2 but does not act on
a compact manifold of dimension less than 4. For G = SO(p,p + 1), the real
rank of G is p, but G does not act in dimension less than 2p — 1. On the other
hand, for G = SL(n,R), R-rank(G) =n — 1 and G acts effectively on a compact
n—1 dimensional manifold. These examples show that something other than the
R-rank of G controls the minimal dimension of an action, and indeed the results
of this paper indicate that low dimensional actions of noncompact simple groups
are in some sense controlled not by the R-rank, but by the maximal compact
subgroup. Thisin turn suggests a new approach to the general case of the theorem
of Zimmer, in which the action is supposed to preserve a geometric structure (with
algebraic structure group). We postpone this more general consideration to a
subsequent paper. Note, however, that from our results it follows that for lowest-
dimensional actions the isotropy groups are not unimodular, and this suggests
that in low dimensions an invariant geometric structure cannot be unimodular.

This fact was already observed by Zimmer.

THEOREM [20]: Let G be a connected semisimple Lie group with finite center and
no compact factors, and suppose that G acts on a compact manifold of dimension
n preserving an H-structure, where H is an algebraic subgroup of SL{n,R). Then
there is an embedding of Lie algebras h — g, and the representation h — g — sl

contains ady as a direct summand.

In the special case of H = SL(n,R), the theorem says that n > dim(H).
Indeed, a key step in the proof of the theorem shows that the stabilizer of al-
most every point is discrete, and therefore there are orbits of dimension equal to
dim(H).

Finally, we note that specific cases of low dimensional actions of noncom-
pact simple groups have been treated by several authors. For example, in [14],
Schneider classified real analytic actions of SL(2,R) on surfaces. In [2] and [3],
Asoh classified smooth actions of SL(2,C) on S® up to equivariant homeomor-
phism. In [16],{17], and [18], Uchida classified real analytic actions of SL(n,R)
on §™, 5 <n <m< 2n—2, and real analytic actions of SL(n,C) on S™, for
d<n<m<4n-2.

This paper is organized as follows: In section one we describe a mapping from
a G-manifold to the Lie algebra of G which we call the Gauss map. This allows

us to characterize stabilizers of points in minimal sets. Sections two through



Vol. 76, 1991 LOW DIMENSIONAL ACTIONS 31

four are devoted to a discussion of parabolic subgroups. In particular, we com-
pute, for each simple real Lie algebra, the minimum codimension of a parabolic
subgroup. In section five we establish some elementary facts about low dimen-
sional real representations of simple groups. Section six contains the proofs of
the main theorems. In section seven we collect some corollaries, remarks, and
examples pertaining to the main theorems. In section eight we have tabulated

some information from sections four and five.

ACKNOWLEDGEMENT: I would like to thank the members and staff of the IHES
for their generous hospitality during the preparation of this paper, and especially

Mlle. C. Gourgues for her assistance in typing the manuscript.

1. The Gauss map of an action

Let G be a connected Lie group acting on a topological space M. For k €
{1,...,dim(G@)}, let Gri(g) be the Grassmann manifold of k-planes in g. If V is
a k-dimensional subspace of g we denote by [V] the corresponding element of
Gri(g). Let Gr(g) = Uii:ml(“) Gri(g), topologized as a disjoint union. If H is
a subgroup of G we denote by H° the identity component of H. For z € M,
we denote by G; the stabilizer of z in G. Define a map ¢ : M — Gr(g) by
#(m) = [L(G;)], where L(-) denotes “Lie algebra of”.

Definition 1.1: The map ¢ : M — Gr(g) is called the Gauss map of the G
action on M. |

Note that ¢ is a G equivariant map, where G acts on Gr(g) via the adjoint
action of G on g. The map ¢ is not in general continuous. The object of this
section is to find appropriate subsets of M on which ¢ is continuous, and then to
use ¢ to relate the structure of these sets as G-spaces to corresponding subsets
of Gr(g). The results of this section are closely related to those of [21].

Definition 1.2: A closed, G-invariant subset L C M is a minimal set if L

contains no proper, closed, invariant subset. |

If M is compact then minimal sets exist; in fact, the closure of every orbit

contains a minimal set.

Definition 1.3: A subset X C M is locally closed if it is open in its closure.
The action of G on M is said to be tame if every orbit is locally closed. 1
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LEMMA 1.4: Suppose G acts tamely on M. Then every minimal set of the action
is & compact orbit.

Proof: Let M, be a minimal set. If My contains a noncompact orbit G - z, then
G-z — G-z is closed and nonempty, which contradicts the minimality of M,.
[ |

LEMMA 1.5: Suppose G acts on two compact Hausdorff topological spaces M
and M;, and ¢ : My — M, is a continuous G-map. If C is a minimal set of M,,
then ¢(C) is a minimal set of M,.

Proof: ¢(C) is a closed invariant set in M. Let C’ be a minimal set in ¢(C).
Then ¢~1(C')NC is a closed invariant subset of C, so by minimality, $~1(C") D C.
Thus ¢(C) =C'. ]

COROLLARY 1.6: Let ¢ : M; — M, be a continuous G-map and suppose G acts
tamely on M,. If C is a minimal set of M,, then ¢(C) is a compact G-orbit.

Henceforth we assume that M is a smooth compact manifold and that G acts
smoothly on M. Define a function ¥ : M — N by ¥(m) = dim(G). It is well-
known that ¥ is an upper semi-continuous function, i.e., that ¥~1({0,1,...,d})
is open for each d € N.

LEMMA 1.7: Let ¢ : M — Gr(g) be the Gauss map. Then ¢|y~'(d) is continuous
for all d € N.

Proof: Fix a positive definite quadratic form on g. For X € g, let X* be the
vector field on M generated by X. Let z € ¥~!(d), and {z;} C ¥~!(d) a sequence
converging to z. Suppose {¢(z;)} does not converge to ¢(z) in Gra(g). Then we
may choose a subsequence {;,} and unit vectors X € £(G;,, ) such that X,
converges to X in g, and X ¢ L(H;). But then (X});,, =0, so X7 =0, which
is a contradiction. |

LEMMA 1.8: If C is a minimal set of the G-action then every orbit in C' has the

same dimension.

Proof: Let k be the minimum dimension of an orbit in C. Then
(M - tb"l(dim(G) -kpncC

is a closed invariant subset of C, hence equal to C by minimality. |
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The following theorem gives crucial information about the G-action on Gr(g)

when G is a real algebraic group.

THEOREM 1.9 [4]: Let k be a local field of characteristic 0 and G an algebraic
group defined over k. Suppose G acts k-algebraically on a k-variety V. Then the
action of G on Vi is tame (in the Hausdorff topology on V).

Definition 1.10: A real algebraic group is a subgroup of finite index in the

set of real points of a (complex) linear algebraic group defined over R. 1

COROLLARY 1.11: Let G be a real algebraic group. Then G acts tamely on
Gr(g).

Proof: The Grassmannian Gr(g) is the set of real points of the complex Grass-
mann manifold Gr(g€). G€ acts R-algebraically on Gr(g®), and the corollary

follows from the theorem of Borel-Serre. [ |

COROLLARY 1.12: Let G be a real algebraic group. Suppose G acts smoothly
on a smooth closed manifold M. If z € M is contained in a minimal set for the
G-action, then Ng(L(G.)) is a cocompact subgroup of G. (Ng(L(G;)) denotes
the normalizer in G of £(G.).)

Proof: Let C be the minimal set containing z. Then by Lemmas 1.7 and 1.8,
#|C is continuous. By Corollaries 1.6 and 1.11, ¢(C) is a compact orbit in Gr(g).
The orbit of ¢(z) is

G- [£(G:)l = Ad(G) - L(G.) = Ad(G)/H

where H is the stabilizer of £(G;) in Ad(G). H is cocompact in Ad(G), so
Ad~'(H) is cocompact in G. Clearly, Ad~!(H) = Ng(£(G:)). ]

Note that since Ng(L(G;)) is a real algebraic group it has finitely many con-
nected components, so in fact NG(L(G.)) is cocompact in G.

COROLLARY 1.13: Let G be a semisimple real Lie group. Suppose G acts
smoothly on a smooth closed manifold M. If # € M is contained in a mini-

mal set for the G-action, then Ng(L(G)) is a cocompact subgroup of G.

Proof: As in the proof of the preceding corollary, it suffices to see that the action
of G on Gr(g) is tame. This follows since Ad(G) is a real algebraic group and
the action of Ad(G) on Gr(g) has (up to finite cover of order at most | Out(G)|)
the same orbits as the action of G. 1
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COROLLARY 1.14: Let G be a simply-connected, solvable real algebraic group,
and suppose G acts smoothly on a compact manifold M. Then the identity
component of the stabilizer of any point in a minimal set is normal in G.

Proof: Let H = Ng(L(G.)), where z € M lies in a minimal set. Then G/H® is
a compact simply connected manifold. But G and H® are both contractible, so

G/H?° is contractible and therefore equal to a single point. |
3

Example 1.15: The group G = {(; at‘) | a € R*, b € R} acts naturally on
the space RP! of lines in R2. There are two orbits for this action, a fixed point
corresponding to the line through (1,0), and the complement of this fixed point.
The stabilizer of a point in the complement is a one-dimensional non-normal
subgroup of G. This action is equivalent to the adjoint action of G on Gr;(g).
This example shows that for a general real algebraic group, an action in minimum

dimension need not be transitive. |

LEMMA 1.16: Let G be a Lie group acting on a compact manifold M. If the
action is not transitive then any orbit contained in a minimal set has codimension

at least one.

Proof: If an orbit G - 2 has codimension 0 then it is open in M. If the action is
not transitive, then G-z — G - z is a nonempty closed invariant set. Thus G-z

is not contained in a minimal set. |

2. Cocompact algebraic subgroups

In this section we recall some standard properties of parabolic subgroups of
semisimple Lie groups and establish the notation we will use in the sequel. We
then use a theorem of Witte to characterize cocompact algebraic subgroups of
semisimple Lie groups.

Let G be a connected semisimple real Lie group with finite center. Let g = ¢dp
be a Cartan decomposition of g. Let @ be a maximal abelian subalgebra of p.
Then a is ad-semisimple, i.e., the adjoint action of a on g can be diagonalized.

Thus we can write

=009 EBA’
A€

where for any linear functional A:a — R,

gr = {X € g|[H,X] = MH)X, VH € a},



Vol. 76, 1991 LOW DIMENSIONAL ACTIONS 35

and T = {) € a'\{0}|gx # 0}. The subalgebra go is the centralizer of a in g and
contains a Cartan subalgebra of g. The set £ = X(g, a) is the set of restricted
roots of (g,a). An element H € ais regular if \(H) # O forall A € X. A
regular element H € a defines a subset

ot ={\ € Z|MH) > 0}
of positive roots in T. If =7 is a set of positive roots then the set
{H € alA(H) >0, VA e Tt}

is a Weyl chamber of (g,a). Let K be the connected subgroup of G with Lie
algebra &. The Weyl group W(g,a) = Nk(a)/Zk(a) acts simply transitively
on the Weyl chambers of (g,a). Fix a regular element Hy € a and let £+ be the

associated set of positive roots. Let
N={AeZtA#a+pforaBectt)

II is called a simple system of roots. An element H € a is non-negative if it
is in the closure of the Weyl chamber associated to T+, i.e., if A(H) > 0 for all
AeXt. For H €a,let

s(H) = {X € gl(ad H — \)*X = 0, for some A > 0,k € N},

and let S(H) = Ng(s(H)).

Definition 2.1: A subgroup of G conjugate to a group of the form S(H) is called
a parabolic subgroup of G. A Lie subalgebra of g conjugate to a subalgebra of
the form s(H) is called a parabolic subalgebra of g. |

Since the Weyl group acts transitively on the Weyl chambers we may always

take H to be non-negative. There are natural decompositions

S(H) = Zg(H)xS4(H)
s(H) = Zy(H) xs4(H)

where

s+(H) = {X € g|(ad X — \)*H = 0, for some A > 0,k € N}
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and S;(H) is the connected subgroup of G with Lie algebra s, (H). Let £y be
the roots in ¥ which vanish on H. We have

Zy(H) =90 Z gx
AEZ H

ss(H)= Y o

AETH\Ey

Let a(H) = (xeg, ker(}), and let a(H)* be the orthogonal complement of
a(H) in a with respect to the Killing form on g. Let m(H) be the orthogonal
complement of a(H) in Zg(H). There are further decompositions

Zy(H) = m(H) & a(H)

m(H) = o(H) & Ze@)® ¥ ox
AETH

The subalgebras m(H) and a(H) commute. Note that for A € Ty, [gr,9-2] C
a(H)* & Zy(a). Set n(H) = s4(H). The decomposition s(H) = (m(H) &
a(H)) xn(H) is called a Langlands decomposition of s(H). Note that this
decomposition is canonical given the choices a, ¥, and H. There is an associ-

ated decomposition
S(H) = (M(H)- A(H))xN(H),

where M°(H), A(H), and N(H) are the connected subgroups of G with Lie
algebras m(H),a(H), and n(H) respectively, and M(H) = Zx(H)M®. ForH € a
non-negative define Iy = Ty NII. The following well-known lemma is now more

or less obvious.

LEMMA 2.2: There is a one-to-one correspondence between conjugacy classes of
parabolic subgroups and subsets A C II. The correspondence is given by

S(H) «— Iy,

where H is a non-negative element of a. If A C II we write S(A) = S(H), for any
H € a such that A = IIy. (We may take any H € Nxea ker A\ Uges+\a ker 8.)
Then S(A) C S(A') if and only if A C A'.
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COROLLARY 2.3: The conjugacy classes of maximal (proper) parabolics of G are
in one-to-one correspondence with elements of Il, the correspondence being

A e SI\{A}).

Example 2.4: G = SU(2,2). We describe this example in some detail as it
sheds light on the results to follow. We consider G as the group of unimodular
automorphisms of the hermitian form

21Z4 + 2273 + 2372 + 2421

With respect to the basis 21, 22, 23, 24, the matrix of this Hermitian form is

0 00
01
10
0 0

D

I
o O
oo O

The group G is the set {g € SL(4,C)|g*Qg = @}, and its Lie algebra is

g ={X €5l(4,C)|X*Q + QX = 0}.

10 cD
gl(2,C), then

Let s = (01). If we write X € g in the form X = (A B),where AB,C,De€e
A B * * *
g={ C D |D = —sA*s, B= —sB*s, C = —sC*s, Re(tr(4)) = 0}

The transformation A — sA's is reflection in the antidiagonal. The automor-
phism §(X) = —X* is a Cartan involution of g with associated Cartan decom-
position g = ¢ § p, where

A B . *
t= {(—B"’ sAs) |A* = —A, B = —sB"s, tr(A) = 0}

A B * x
p={<B* —sAs)lA = A, B=-sB"s}

The maximal abelian subalgebra a of p is

z 0 0 0
40y 0 O

Cl—-{ 0 0 —y 0 |$,y€R}
00 0 -2z
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Define linear functionals a and S on a by

z0 0 0 z0 0 0
a((gf)'fyg))=w—y ﬂ((ggf,,g))=2y~
00 0 —~z 000 —z

Then Z(g,a) = {+a,£8, +(a + ), £(2a + B)}. The set Il = {a, B} is a simple
system of roots. The root spaces g+, and gi(a+4) are two dimensional, and the

spaces g8, §+(20+4) are one dimensional. The positive root spaces are

Cwo ¢ 00u O
9«={(332_‘;)zwe6} sa+p={(8383")lu60}
000 0 000 0
0000 000z
00z0 0000
gﬂ={(00:0>|x€R} 92""*'/f’={<oooo)|"‘B€R}
0000 0000

According to lemma 2.2, there are four conjugacy classes of parabolic sub-
groups of G corresponding to the four sets II, {a}, {8}, .- The parabolic S(#) is a
minimal parabolic and consists of upper triangular matrices in g. The parabolic
corresponding to Il is G. The other two parabolics are proper and maximal. We

will describe them. Let
1000 0000
B (2900 e m= (2052).
00 0-1 00 0 0

Then [ga,8-a] = C- Ha and [gg,9-5] = R Hp.
S(a) = S(Hy +2Hp): The components of the Langlands decomposition are

m(a) = ga ® 9-o ®C- Hy = 5l(2,C)

a(a) = R (Ho + 2Hp)

(@) = g8 © Gat+5 D H2a+5-

Thus dim S(a) = dimm(a) + dima(a) + dimn(a) = 6 + 1 + 4 = 11. Note that
S(a) is the stabilizer of the flag {z1,22} C C*.

S(8) = S(Ha + Hg): The components of the Langlands decomposition are
m(B)=gs®9-sOR-Hg ®iR- H,
a(ﬂ) =R- (Ha + Hp)
W(f) = go @ 9-a O P20+8-



Vol. 76, 1991 LOW DIMENSIONAL ACTIONS 39

Thus dimS(8) = 4+ 1+ 5 = 10. This group is the stabilizer of the flag
{21} € {z1,22,23} C C*. It is also the stabilizer in G of the minimal flag
{z1} C C!, since the orthogonal complement with respect to @ of z; is the
span of {z, 23,23} and any element which fixes the line through 2z also fixes its
orthogonal complement.

It follows that the minimum codimension of a parabolic subgroup of G is
dim G — dim S(a) = 4. Note that R-rank(G) = 2, and that the split real form of
G is SL(4,R), which has real rank 3 and acts on a compact manifold of dimension
3. The maximal compact subgroup of G is K = S(U(2) x U(2)), which has

dimension 7, and which may act effectively only in dimension > 4.

Let G be a connected noncompact semisimple real Lie group with finite center.
There is a natural topology on G associated to the Zariski topology on the real
algebraic group Ad(G). We call this the Zariski topology on G. In order to
apply Corollary 1.13 we need to know what cocompact Zariski closed subgroups of
semisimple groups look like. We recall first of all a result of Witte. For a parabolic
S = MAN we write M® = L - E, where L is the product of all the noncompact
simple factors of M° and E is the maximal compact normal subgroup of M°. The
decomposition S° = LEAN is called the refined Langlands decomposition
of S°.

THEOREM 2.5 [19]): Let G be a connected, semisimple Lie group with finite
center. Let H be a closed cocompact subgroup of G. Then there is a parabolic
S in G with refined Langlands decomposition S° = LEAN, a connected normal
subgroup X of L, and a connected, closed subgroup Y of E such that (a) H is
contained in S, and (b) H® = XYN.

An immediate consequence is

COROLLARY 2.6: Let G be a connected, semisimple Lie group with finite center,
and H a cocompact Zariski closed subgroup of G. Then there is a parabolic
subgroup §® = LEAN of G and a closed, connected subgroup Y of E such that
H° = LY AN.

Proof: Choose S as in Witte’s theorem. Then H is a cocompact subgroup of S.
But H has finitely many components, so H® = XY N is a cocompact subgroup
of S°. Clearly, we must have X = L. |
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Definition 2.7: Let G be a connected semisimple Lie group with finite center.
Define h(G) to be the minimum codimension of a cocompact subgroup of G which
does not contain any nontrivial proper connected normal subgroup of G.

COROLLARY 2.8: Let G be a connected noncompact simple Lie group with finite
center. Then h(G) is the minimum codimension of a proper parabolic subgroup

of G.

COROLLARY 2.9: Let G be a noncompact simple Lie group with finite center,
and suppose G acts almost effectively on a compact manifold M. Let £ € M be
a point contained in a minimal set of the action. Let G, be the stabilizer of z,
and G? its identity component. Then there is a parabolic subgroup S of G with
refined Langlands decomposition S® = LEAN and a closed connected subgroup
Y of E such that Ng(G%) = LYAN. In particular, Ng(G2) is a cocompact
subgroup of a parabolic in G.

Proof: Let z be a point in a minimal set of the action. Then by corollary 1.12,
Ng(G?) is a cocompact algebraic subgroup of G, and therefore has the desired
form by corollary 2.6. 1

Note that a parabolic subgroup of a semisimple Lie group contains all compact
simple factors of the group. For this reason, corollary 2.8 is false for semisimple
groups with compact factors. The following proposition describes the situation

for a general semisimple group.

PROPOSITION 2.10: Let G be a connected semisimple Lie group with finite cen-
ter. WriteG = (H:‘=l Gi)-H, where G, ..., G} are connected simple noncompact
normal subgroups of G and H is the maximal normal compact subgroup of G.
Let Q be a connected, cocompact subgroup of G which does not contain any
simple factor of G. Suppose that Q is maximal with respect to this property.
Then there is a maximal parabolic subgroup S C Hf:; G; with refined Lang-
lands decompositions S° = LEAN, and a closed subgroup Y of EH maximal
with respect to the property that it contain no connected normal subgroup of H,
such that Q = LYAN. If H = {e} then Q = [[_, S?, where S; is a maximal
parabolic subgroup of G;.

Proof: By the corollary to Witte’s theorem there is a parabolic § in G with

refined Langland’s decomposition S® = LE' AN and a closed connected subgroup
Y C E' such that Q = LYAN. Any parabolic subgroup of G is a product
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of parabolic subgroups in the simple factors, so there are parabolic subgroups
S; C Gi, i =1,...,k, with refined Langland’s decompositions S? = L;E;A;N;,
such that S = ([JX, i) - H. Moreover,

k k
L=([zy E=([E)H
i=1

N i
a=(T4r ~=(]m

Set E = [ Ei. Suppose Y’ is a closed subgroup of EH which contains ¥ and
does not contain any simple factor of H. Then Q' = LY'AN contains Q and

does not contain any simple factor of G, so by maximality @ = Q' and therefore
Y=Y. |

Example 2.11: Let G = SO(n,1) and let S be the (unique up to conjugacy)
proper parabolic subgroup of G. The refined Langlands decomposition of S? is
given by L = {e}, E 2 SO(n — 1), A @ R}, and N @ R*"!. Let v : S* —
SO(n —1) be the map which is trivial on AN and the identity on E = SO(n —1).
Then Id x7 embeds P in G x SO(n — 1). The image is cocompact and maximal

with respect to the property that it contain no normal subgroup. |

COROLLARY 2.12: Let G = HLI G be a connected semisimple Lie group with
finite center and no compact factors. Then h(G) = ZLI h(G;), and h(G) is the
minimum codimension of a parabolic subgroup of G which does not contain any

simple factor of G.

3. Complex parabolics

In this section we recall the definition of a complex parabolic subalgebra of
a complex semisimple Lie algebra and spell out the relationship between real
parabolics and complex parabolics. Most of this material is well-known and we
have omitted most of the proofs.

Let G be a connected complex simple Lie group, g its Lie algebra. Let § be
a Cartan subalgebra of g, and g=H @ Zaez ga be the decomposition of g into
root spaces for ). Let B be the Killing form on g and for each a € T let H, be
the unique element of § such that B(H,Hy) = a(H) for all H € g. Let hgr be
the real subspace of f spanned by {Hy}acx. Then B is real and positive definite
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on hg, and in particular each a € T is real and non-trivial on hg, and X is an
abstract root system on hr. We fix a positive system of roots =+.

A maximal solvable subalgebra of g is called 2 Borel subalgebra, and any
Borel subalgebra is conjugate by an element of G to the subalgebra b = h @
Y aes+fa. A complex subalgebra s C g is parabolic if it contains a Barel
subalgebra of g. Again, by conjugating , we need only consider subalgebras
which contain b. A connected subgroup of G is called parabolic if it is the
normalizer of a parabolic subalgebra of g.

LEMMA 3.1: Let g be a complex simple Lie algebra. Then the set of complex
parabolic subalgebras coincides with the set of real parabolic subalgebras of g
considered as a real Lie algebra.

Let g be a real Lie algebra. We denote by g€ the complexification g ®@g C.
Suppose now that g is simple and noncompact. Let g = €@ p be a Cartan
decomposition and @ a maximal abelian subalgebra of p. Let b be a maximal
abelian subalgebra of Zy(a). Then b @ a is a Cartan subalgebra of g€ with
corresponding real form hr = ib @ a. Let ¥ be the root system of (9%,h) and
¥(g, a) the restricted root system of g. Since a is a subspace of hr, we may choose
orderings on the dual spaces b and a' such that for A € by, if A|a is non-zero,
then ) is positive if and only if A|a is positive. Fix such orderings and let £* and
T+(g, a) be the positive roots in £ and X(g, a), respectively. Let I and (g, a)
be the associated simple roots. For a € I, write @ for the restriction of a to a.
Let

Zla= {@|a € T}\{0}
Tta = {a|a e TTH\{0}
Nja = {&@|« € M}\{0}.
LEMMA 3.2 [13]: With the conventions above,

(1) Zla = X(g,)
(2) =tja=Zt(g,0)
(3) e =Ti(g,a)

LEMMA 3.3: Let g be a real semisimple (noncompact) Lie algebra. Let s be
a parabolic subalgebra of g. Then sC is a complex parabolic subalgebra of €.
Conversely, if s is a real subalgebra of g such that sC is a parabolic subalgebra
in g€, then s is a parabolic in g.
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Proof: We may assume that 5 = s(Hy), where Hy € a and Hj is non-negative
with respect to £*|a. We will show that s(H,)C contains the Borel subalgebra
b=bh® > ,cr+ da- Note first that for any H € b, h C Zyc(H). Since s(Ho) D
Zy(H) and Zye(H) = (Z4(H))C it follows that h C s(Ho). Now let « € £+,
If ala = 0 then g§ C Zyc(a) C Zyc(Ho). If ala # 0 then ala € T*(g,a) so
Bajs C 5(Ho). But g5 C (g4)s)€ and the claim follows.

To prove the converse we introduce some temporary notation. Let go be a
real semisimple noncompact Lie algebra and g its complexification. Let 7 be
complex conjugation in g with respect to the real form gy, i.e., if X, Y € go, then
(X +1Y) =X — Y. Let go = ¢ @ p be a Cartan decomposition, a a maximal
abelian subalgebra of p, and b a maximal abelian subalgebra of Zy(a). Then bdba
is a Cartan subalgebra of go and § = a® @ b€ is a Cartan subalgebra of g with
real form hr = a@:b. Let 50 be a real subalgebra of g, and s its complexification.
Then 7(s) = s. Suppose now that s is a parabolic subalgebra of g.

It follows from lemma 3.1 that s is a real parabolic subalgebra of g, i.e., there
is some H € hg such that (up to inner automorphism) § = s(H). We may write
H =H, +iH; for H) € a and H; € b. Let

A = {) € (g, br)| \(H) > 0}
A' = {X € I(g, br)| M(H1) > 0}

Then s(H) = Zy(H) ® Y, 91- We are going to show that A = A’. From this
it follows that s(H) = s(H;), and therefore that s = s(H;) N go = so(H: ), where
$o(H1) denotes the parabolic subalgebra of gy defined by H,.

To prove that A = A’ we argue by contradiction. Suppose A € A\A'. Then
A(H) > 0 but A\(H;) = 0. It follows that

TO)(H) = \(r(H)) = MH, — iH;) = ~\(H) < 0.

Thus 7()) ¢ T. But r(s(H)) = s(H), so 7(A) = A. This yields a contradiction,
so A\A' = 0. If A € A"\A, then A(H;) > 0 and A(iH;) = —A(H;). Then
T(A)(H) = MH, — iH2) > 0, and again we have a contradiction. Thus A = A,
]

Definition 3.4: A simple real Lie algebra g is said to be split over R if a is a
Cartan subalgebra of g, i.e., if Zg(a) = a. ]
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LEMMA 3.5: Let g be a simple noncompact real Lie algebra, and g€ its com-
plexification. The map s 4, € gives an injective map from the set of conjugacy
classes of parabolic subalgebras of g to the set of conjugacy classes of parabolic

subgroups of g€. This map is surjective if and only if g is split over R.
group. g

Proof: According to the preceding lemma, the map ¢ is well-defined. For the
proof of the theorem we maintain the notation of the preceding lemma.

Let b be a maximal abelian subalgebra of Z¢(a). Then h = (b@a)C is a Cartan
subalgebra of g€ with corresponding real form hr = ib@a. If s(H) is a parabolic
subalgebra of g, H non-negative, then s(H)® is a parabolic of g€. Moreover,
since s(H) = Zy(H) ® Ysex+\5, O, it follows that

s(H) = (ZH)® ) ()

A€eTH\Zy
=Ze(de Y, ()
AEEH\Ty
In particular, if s(H)¢ = s(H')C, then Zyc(H) = Zyc(H'), so s(H) = s(H'), and
¢ is injective.

Now if g has real rank n, then there are 2" subsets of II(g,a), and there-
fore 2" distinct conjugacy classes of parabolic subalgebras of g. Let m = R-
rank((g¥)r) = C-rank(g®). Then m > n and equality holds if and only if g is
split over R. Since a complex parabolic is the same as a real parabolic of (g€)g,
there are 2™ conjugacy classes of parabolics in g€. Thus ¢ is surjective if and
only if g is split over R. |
Example 3.6: This is a continuation of example 2.12. Recall that g = 5u(2,2),
(g, a) = {e, B}. Let g* = 5l(4,C) be the C-linear span of g in gl(4,C). The set
of trace zero matrices in g€ is a Cartan subalgebra with real part

000

bn={<g:gg> lz,y,z e R,z +y+2+w=0}.
060w

Define linear functionals v, é, and  on hg by

2000 £000 000
0yo00 - 0y00 _ 0yo0o0 .
7((oozo))_$—y 6((00:0))—y—z ”((oOzo )=z-w.
000w 000w 000w

Then 7 = 7= o and § = B. The set II = {v, 4,7} is a simple system of roots for
c
o“. [ |
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4. Maximal Parabolics

Our next goal is to determine the maximal parabolics of maximal dimension in
the real simple Lie algebras. We do this first for complex simple Lie algebras. We
then study the real non-complex simple Lie algebras, and use Satake diagrams to
relate parabolics in the real algebra to parabolics in the complexification. This
allows us to do all our computations in the complex simple Lie algebras, where
they are significantly easier.

LEMMA 4.1: Let g be a real simple Lie algebra, g = ¢@p a Cartan decomposition,
a a maximal abelian subalgebra of p, and A a subset of II(g,h). Let s(A) be
the parabolic subalgebra associated to A and $(A) @ a(A) @ n(A) the Langlands
decomposition. Then codim(g : 5(A)) = dimn(A) = J(dimg — dimm(A) —
dima(A)).

Proof: Let 8 be the Cartan involution of g associated to the Cartan decompo-
sition g = £ @ p. Recall that m(A) @ a(A) is 6-stable, and §(A) = — A for A € Z.
For A € Z\XZ g, gs C na if and only if A is positive. Thus

9=0na)dmaDasdngy
and the lemma follows immediately from this. 1

PROPOSITION 4.2: Let g be a complex simple Lie algebra, i) a Cartan subalgebra,
T the root system of (g,}h), = a set of positive roots and Il C T* the simple
roots. Let A be a subset of II and 55 = 8(A) the associated parabolic subalgebra
of g. Let sp = (ma ® an)xny be the Langlands decomposition. Then mp is
semisimple, and with respect to an appropriate ordering the set of simple roots
of (ma,ma NB) is A. The Dynkin diagram of mp is obtained from the diagram
of g by deleting all vertices not in A as well as all edges incident on such vertices.

Proof: Choose H € bg such that Iy = A. Then ma ® aa = Zy(H) =
b AeTg O The subalgebra ma is the orthogonal complement in Z4(H) of
8a. Thus ma is f-invariant, where @ is the Cartan involution of g determined by

b, so ma is reductive, We may decompose ma as

Ma=g D - -Dor D3,

where 3 is the center of ma. Since ma commutes with aa and h C ma D aa, it

follows that 3 is h-invariant, and therefore decomposes as a direct sum of root
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spaces :

3= 8
A€l
But for A € Ty, —A is also in £y, and [gx,g-2] # {0}. It follows that 3 =0
since the root spaces g are one-dimensional.
Order Ty by the induced ordering from X. It is easy to see that the simple
roots in T}; are the elements of A. The last assertion of the proposition now
follows because £y is a root system contained in £, and generated by A. |

Note that the proposition is not true for a real simple Lie algebra. Indeed, the
restricted root spaces are not in general one-dimensional, and ma is not in general
semisimple. It is also much more difficult to compute the dimension of ma in
the real simple case. We will, however, use lemma 4.1 to determine the minimal
codimension of a maximal parabolic in every real simple Lie group. First, we

determine these codimensions for complex simple groups. For a € II we write

s5o = s(I\{a}).

PROPOSITION 4.3: The maximal parabolics of maximal dimension in the com-
plex simple Lie algebras are listed in table 1, along with the complex codimension
of these parabolics.

Proof: We do a case by case analysis.
as: If we delete the root a; from IT we are left with the root system a;—; xa,—;,
and the associated Lie algebra has dimension (2 — 1) + (£ —i + 1) — 1.
Thus codim(g : Sq;) = #(£ — ¢ + 1). This expression is minimized when
i=1lord

be: 1) Deleting a; for ¢ < £ — 1 leaves a;-; X bg—;, which has dimension

(2 =1)4(£—3)(2(€—i)+1). Thus codim(g : 5o, = §(4€—3i+1).
This is minimized for : = 1, in which case codim(g : 5a;) =
20-1.

2) Deleting - leaves a,—3 x a1, and codim(g : $q,_,) = J(€ +
3¢ — 4) which is larger than 2 ~ 1 for £ > 2.

3) Deleting a leaves as—, and codim(g : 54,) = 3(£2 +¢), which
is larger than 2¢ — 1 for £ > 2, and equal to it for £ = 2.

¢.: The computation is exactly the same as for b,.
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9¢: 1) Deleting a; for i < £ — 2 leaves a;—; X 0¢—;, and
codim(g : 5o, ) = -;—(4( -3 -1).

This is minimized by ¢ = 1, in which case codim(g : 54,) = 2¢ — 2.
2) Deleting ay—y leaves ag_1 X a; X a; and codim(g : Sq,_;) =
3(€2 — £ — 6). This is larger than 2¢ — 2 for £ > 4 and equal
for £ = 4.
3) Deleting a1 or ay leaves ag—;, and codim(g : $q,_,) =
codim(g : S4,) = (€2 — €). This is larger than 2¢ — 2 for
£>4.

¢s: 1) Deleting a; or ag leaves 95, and codim(g : 54,) = 14.
2) Deleting a3 leaves as. codim(g : $q4,) = 21.
3) Deleting aj or as leaves a; X a4. codim(g : sa,) = 25.
4) Deleting a4 leaves az X @y X a2, and codim(g : 54,) = 29.

er: codim(g : 54, ) = 33 codim(g : 54,) = 50
codim(g : §4,) = 42 codim(g : 5q,) = 42
codim(g : Sq,) = 47 codim(g : 54,) = 27
codim(g : §q,) = 53

es: codim(g : §q,) = 78 codim(g : 54,) = 83
codim(g : 5q,) = 104 codim(g : $a,) = 106
codim(g : $q,) = 92 codim(g : 5q,) = 57
codim(g : Sq,) = 97 codim(g : 54, ) = 98

fa: codim(g : 5q,) = 15 codim(g : 54,) = 20
codim(g : 54,) = 20 codim(g : 54,) = 15

g4 codim(g : Sq,) = codim(g : 54,) = 5. |

We turn next to the determination of the maximal parabolics of maximal
dimension in the real forms of the complex simple Lie algebras. The situation
here is quite a bit more complicated than in the complex case because the Dynkin
diagram of a restricted root system does not determine the associated real form.
It is necessary also to list the multiplicities of the roots. Qur approach to com-
puting the maximal parabolics of a real form g is to use the “Satake diagram” of
g to relate the maximal parabolics of g to parabolics (not necessarily maximal)

in g€, and then to do the necessary computations in g€.
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Definition 4.4: Let g be a real simple Lie algebra with Cartan decomposition
g=tdp. Let a be a maximal abelian subalgebra of p, and let h be a Cartan
subalgebra of g containing a. With the conventions we have employed above, the
Satake diagram of (g,a) consists of

(1) The Dynkin diagram of (g€, h°).

(2) A coloring of the vertices of the diagram: black if the associated restricted

simple root restricts to 0 on a, white otherwise.
(3) A “curved arrow” joining two white vertices if and only if the associated

simple roots restrict to the same root ona. 8

Example 4.5: Let g be a complex simple Lie algebra, fj a Cartan subalgebra, and
a = hr. Then the Satake diagram of (g,a) consists of two copies of the Dynkin
diagram of (g, ), with all vertices colored white, and curved arrows connecting
corresponding pairs of vertices in the two copies of the Dynkin diagram.

The Satake diagrams of the real forms of the classical complex groups were
constructed by Satake [13], and for the exceptional groups by Araki [1]. A table
of the Satake diagrams of the real non-complex simple Lie algebras and the
multiplicities of the restricted roots is reproduced in Helgason {6, pp 532-534].

For ease of reference we have reproduced part of this table below (table 2). 1

Definition 4.6: Let g be a simple real Lie algebra. A simple root a € II(g,a) =
II | a is said to split if there are two simple roots oy, € (g€, 5) such that
a) =0 = a. |
LEMMA 4.7: Let g be a real form of a complex simple Lie algebra, o € II(g, ),
and so = 5(II{g, a)\{a}) the corresponding maximal parabolic of g.

(1) If & does not split, then (s4)C is a maximal parabolic of gC.

(2) If a splits, then (84)C = $a,,a, = s(II\{a1, 22 }), where @ =@ = a.

(3) codimg(g : 54) = codime(g® : (5a)°).
Proof: The proof is a straightforward application of results we established in §3
and is left to the reader. |

THEOREM 4.8: The parabolics of maximum dimension in the real non-complex
simple groups are listed in table 2, along with the Satake diagrams and the
codimension of the maximal parabolics of maximum dimension.

Proof: Let a € II be a root such that s, C g€ is a complex parabolic of
maximal dimension. If @ does not split then (55)¢ = $4, and codim(g : 53) =
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codim(g® : s,). By inspecting the list of Satake diagrams one sees that the
theorem follows immediately from lemma 4.1 and proposition 4.3 for the cases
sl(n + 1,R), so(p,q), sp(n,R), e5(6), Cs(~26)> €7(7), e7(—25)> €8(8)> a(—24)> Fa(4)»
fa(~20)» and ga(2). Similarly, if we consider the cases in which no restricted root
splits we need only compute the codimensions of maximal complex parabolics in
g€ corresponding to roots in the Satake diagram which are colored white. These
are the Lie algebras sl(n + 1, H), sp(p, ¢), 50*(2n) (n even), and e7(_5). Referring
to the computations in the proof of proposition 4.3 one verifies the theorem in
these four cases.

There are six cases remaining; we treat them one by one.
g = su(p,1). There is only one parabolic, $»,, and (5,)C = $4,,a,. The codi-
mension of 8g4,,a, in g€ is 3(dim(g) — dim(ay—2) — 2) = 2p— 1.

g = s0*(2n),n odd,n > 3. The only root of (g,a) which is split is A\,~;, and
(5n_,)C = San_,,an, Which is contained in $,,. Now dim(s,,) < dim(s,,), so

$), is the maximal parabolic of maximal dimension in g.

9 =¢52). (5,)C = Sa,,a6 and $a,,a, has codimension 1(dim(g) — dim(v,)—2) =
3(78 — 28 — 2) = 24. (51,)C = Sag,a5 C 55, Which has codimension 25. But
(52,)€ = $a, has codimension 21, so sy, is of maximal dimension.

9 = ¢s14). As in the preceding case, (53, )€ has codimension 24 and (53, )€ = $q,

has codimension 21.

g=su(p,q) p>q¢>1 ()¢ =5a0a,4, Deleting a; and ap4,—i from the
root system of a,44-1 leaves a;—y X @j—1 X @p4q—2i—1. Thus codim(g : s),) =
2i(p + q) — 3:%. This is minimized for i = 1, and codim(g : 55,) = 2(p + ¢) ~ 3.

g = su(g,q). For ¢ < g the same computation applies as in the preceding case.
The root A, is not split, and codim(g : 55,) = codim(g® : Sa,) = ¢°. But
codim(g : §», ) = 4¢— 3, which is less than ¢(q+ 1) for ¢ > 2, so §), is of maximal
dimension for ¢ > 2. For ¢ = 2, 5,, is maximal. |

5. Low dimensional representations

For the proofs of the theorems in §6 it will be necessary to know something about
the linear isoiropy representation of G at a fixed point of the action. Specifically,
we need to know the minimum dimension of a faithful real representation of a

real simple Lie algebra. We consider this question in this section.
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Let g be a complex simple Lie algebra and A an algebraically integral
linear functional on §, i.e., A € b, and 2(:’: €Zforala € . Let II =
{a1,...,ai} be the set of simple roots, and define A\; = 20'}::: . The linear
functional ) is said to be dominant if A\; > 0 for ¢ = 1,...,k. The following
classical theorem asserts that the complex irreducible representations of g are

in one-to-one correspondence with ordered k-tuples of non-negative integers A =
(Ala cee 7Ak)‘
THEOREM (Theorem of the highest weight): Let g be a complex simple Lie al-

gebra. The irreducible complex representations of g are in one-to-one corre-
spondence with the dominant, algebraically integral linear functionals on b, the
correspondence being that X is the highest weight of the representation py with

respect to the ordering on §'.

LEMMA 5.1: Let A and )’ be dominant, algebraically integral linear functionals
on b, and suppose A\; > M, fori = 1,...,k. Then for alla € T, (A, a) > (X, a).

Proof: The difference A— X’ is a dominant, algebraically integral linear functional
on h. The lemma then follows from the fact that for a dominant, algebraically
integral functional A, (\,a) > 0 for all @ € T*. (cf. (8, 4.15]). 1

THEOREM (Weyl dimension formula): The dimension of py is

_ (A+6,a)
d/\ - H (6,(1) ’
a€+t

=1
where § = 33 cx+ @

COROLLARY 5.2: Let A and X' be dominant, algebraically integral linear func-
tionalson §. If \; > A, fori = 1,...,k, then dx > dx, and equality holds if and
only if \ = X.

Proof: By lemma 5.1, {(A\,a) > ()N, a) for all @ € £*, and since (§,a) > 0 for all
a € T, it follows that (A + 6,a) > (N +6,a) >0foralla € T, and if A # X,
then strict inequality holds for some a. Now it follows immediately from the
Weyl dimension formula that d) > dy, and equality holds if and only if A = X',
1

Definition 5.3: The i-th fundamental representation p; of g is the complex
representation with highest weight 5;, where %,"T"f—'% =1 and (ni,a;) = 0 for
1#j. |
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COROLLARY 5.4: Let py be an irreducible complex representation of the complex
simple Lie algebra g with highest weight A. If py is not fundamental, then

dx 2 min({max(dy;, dy; ) }iz; U {d2y; }iz1,...k)-

Proof: If py is not fundamental then there are either two indices ¢ and j such
that A; > 0and A; > 0, or an index 7 such that A; > 2. By the preceding corollary,
in the first case dx > dy; and dx 2> dy;, and in the second case, dx > day;. | |

LEMMA 5.5: For the complex simple Lie algebras the minimum dimension of a

real representation is given in table 1.

Proof: The (complex) dimensions of the fundamental representations of the
simple complex Lie algebras are listed, for example, in table 30 of [5]. None of
the fundamental representations is real. By inspection of the table in [5] and

corollary 5.4 one verifies the lemma. |

LEMMA 5.6: For n > 2, sl(n,H) has no real representation in dimension less

than 4n. sl(2, H) has no real representation in dimension less than six.

Proof: sl(n,H) is a real form of 5{(2n,C), and the maximal compact subalgebra
of sl(n, H) is sp(n). The fundamental representations of s{(2n, C) have dimensions
dy;, = 2'." vt =1,...,2n — 1. It follows from the preceding corollary that for
any irreducible representation py of sl(2n,C), either

(1) A=m or A=n2n-1,

(2) A=m +n20-1,

(3) M 2201 Agp—y > 2,0r

@ 2 (7).
In case (1), py, is equivalent to p,,,_,, and p) is the standard representation of
5{(2n,C) on C?". In case (2), the representation py is the adjoint representation
which has dimension 4n?—1. In case (3), we have dy > day, , and a straightforward
computation shows that dy,, = (n + 1)(2n + 1), which is greater than or equal
to 4n for n > 2. In case (4) we have dy > 6 for n =2, and d) > n(2n~ 1) > 4n
for n > 2.

Now let 7 be an irreducible real representation of sl(n, H) on a real vector

space V. Then 7€ is a complex representation of 5/(2n, C) on VC, and dimg(V) =
dimg(VC). If 7€ is reducible, then the representation (m, V) is equivalent to a

complex representation of sl(n,H) considered as a real representation. In this
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case dimg(V) > 4n. If #C is irreducible, then either dyc > 4n (for n > 2)
or € = p,,. The second possibility does not occur, since if 7€ = p,,, then
7€ | sp(n) is the standard representation of sp(n), and n(sp(n)) C sl(2n,R)
implies that sp(n) 2 sp(n, R), which is nonsense. |

LEMMA 5.7: For p + ¢ > 4, su(p, ¢) has no real representation in dimension less
than 2(p+ gq). For p+ q = 4, su(p, ¢) has no real representation in dimension less

than six. su(2,1) has no real representation in dimension less than six.

Proof: su(p,q) is a real form of sl(n,C) for n = p+g¢. We consider first the case
p+q > 4. As in the preceding lemma we conclude that an irreducible complex
representation of sl(n,C) either has dimension greater than 2n, or is equivalent
to the standard representation p of s{(n,C) on C". The representation p|su(p, ¢)
leaves invariant a Hermitian form on C" of signature (p,q), and if p|su(p,q)
were real, then it would leave invariant a real quadratic form of signature (p, q).
Thus we would have a homomorphism su(p,q) — so(p, q), which is impossible
because dim(su(p, ¢)) > dim(so(p, ¢)). It follows that for p+¢ > 4, the minimum
dimension of a real representation is 2(p + gq).

For p + q¢ = 4, we find that a complex representation of sl(n,C) either has
dimension at least 6 or is standard. Since the standard representation of su(p, q)
is not real we conclude that the minimal dimension of a real representation of
su(3,1) or su(2,2) is 6.

For the Lie algebra su(2, 1), there are exactly two (equivalent) fundamental
representations of s{(3,C). If py is a non-trivial, non-fundamental irreducible
representation of s((3,C) then either

(1) M =>20r A 22, 0r

(2) Ay >1and A, > 1.
In the second case, d) is greater than the dimension of the adjoint representation,
which is 8. To obtain a lower bound on d) in case (1), it suffices to compute the

dimension of pz,,. An easy computation shows that dz,, = 6. The assertion of
the lemma now follows just as in the case of p+ ¢ > 4. |

LEMMA 5.8: The minimum dimension of a real representation of so(p, q), (p+4q >
4),isp+q.

Proof: so(p,q) is a real form of so(n,C), where n = p + ¢q. The fundamental
representations of s6(n,C) have dimensions (7), for i = 1,...,[25!] — 1, and
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23], For n > 4, we conclude that every irreducible complex representation
of so(n,C) has dimension at least n, and therefore every real representation of
$0(p, q) has real dimension at least n. The representation corresponding to i =1

is the standard representation, which is real and has dimension n. |

LEMMA 5.9: For n > 4, s0*(2n) has no real representation in dimension less
than 4n. s0*(6) has no real representation in dimension less than 6 and so*(8)

has no real representation in dimension less than 8.

Proof: The last two assertions follow from preceding lemmas and the isomor-
phisms s0*(6) = 5u(3,1) and s0*(8) = 50(6,2). Suppose then that n > 4. Asin
the preceding lemma, the fundamental representations of s0(2n, C) have dimen-
sions (2'."), i=1,...,n—2,and 2*1. Forn > 4, (2:') >4nfor2<i<n-2,
and 2°~! > 4n. One computes also that dz,, = (2n — 1)(n + 1), which is greater
than 4n for n > 4. Thus the only possible real representation of 50*(2n) of di-
mension less than 4n is one which complexifies to the standard representation of
s0(2n,C). Recall that

s0'(2n) = (X € su(n,m) | X* (31) + (30) X =0).

Thus s0*(2n) leaves invariant (in the standard representation) a Hermitian
form of signature (n,n), so if 56*(2n) is real then 50*(2n) C so(n,n). These
groups have the same dimension, and are not isomorphic, so s0*(2n) ¢ so(n,n),

and the standard representation of 50*(2n) is not real. The lemma is proved.
|

LEMMA 5.10: For p+gq > 2, sp(p, q) has no real representation in dimension less
than 4(p + q).

Proof:  sp(p,q) is a real form of sp(n,C), the fundamental representations of
which have dimensions 2:') - (;"_"2), for i = 1,...,n (we define (i’;) = 0).
For n > 2, (zi") - (.2_"2) > 4n for ¢ = 2,...,n. The representation p,,, has
dimension dy,, = n(2n + 1) (in fact, pa,, is the adjoint representation), and
dzy, > 4n for n > 1. Thus if p is a real representation of sp(p,¢) in dimension
less than 4n, then its complexification must be the standard representation of
sp(n,C). The standard representation of sp(n,C) preserves a skew symmetric
non-degenerate bilinear form on C2", and if the restriction of this representation

to sp(p,q) is real, then s5p(p,q) preserves a skew-symmetric bilinear form on
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R2", i.e., sp(p,q) C sp(n,R). Since sp(p, q) and sp(n,R) are not isomorphic and
have the same dimension, there can be no such inclusion. Therefore sp(p, q) for
p + q > 2 has no real representation in dimension less than 4(p + g). 1

Note that the Lie algebra sp(1,1) is isomorphic to so(4,1).

Definition 5.11: Let G be a real Lie group. Define &(G) to be the minimum
dimension of an almost faithful real representation of G. For a real Lie algebra g
let (g) be the minimum dimension of a faithful real representation of g. |

Note that ®(G) > &(g).

LEMMA 5.12: Let g = igkalg;, where each g; is a simple real Lie algebra. Then
®(0) = Ti-, 2(90).

Proof: We argue by induction on k. For k = 1 there is nothmg to show. Let
(p,V) be a faithful real representation of g, and let g’ @ gi. Let Wy be a
subspace of V on which p(gi) acts nontrivially and 1rreduc1bly, and let W be
the smallest p(g)-invariant subspace of W containing Wo. Let W+ be a p(g)-
invariant complement to W. Let U = Homy, (W, Ws). Then g’ acts on U since
¢’ commutes with gx. Moreover, the representation of g’ on U @ W+ is faithful.
By the induction hypothesis, dim(U® W) > &(¢') = Z,__l ®(g;). On the other
hand,

dim(V) = dim(W*) + dim(W)
= dim(W*) + dim(Wo) - dim(U).

If dim(U) = 1 then g' acts trivially on U, so dim(W+) > &(g') and dim(V) >
dim(W+) + dim(Wo) > &(g') + $(gs). If dim(U) > 1 then dim(Ws) - dim(U) >
dim(Ws) + dim(U). [ |

6. Low dimensional actions

Definition 6.1: For any Lie group G let n(G) be the minimum dimension of a
closed manifold on which G acts almost effectively and smoothly. |

LEMMA 6.2: For any connected semisimple Lie group G, n(G) < &(G).

Proof: Let p: G — GL(n,R) be an almost faithful real representation of G.
Then G acts via p on RP™~1. Let H be the kernel of the action of G on RP™~1.
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Then H fixes every line in R™, so p(H) C {£I}. It follows that H is discrete, so
the action of G on RP™"! is almost effective.

COROLLARY 6.3: Let G be a semisimple Lie group. Write G = Hf__:l G;, where
each G; is simple. Then n(G) < ®(G) — k.

Proof: Let p; be an almost faithful representation of G; on R™. Then G acts
almost effectively on ]'[k RP™~1, 50 n(G) < Ef:l("i -1). |

=1

LEMMA 6.4: Let G be a compact simple Lie group. Then n(G) is the minimum
codimension of a proper closed subgroup of G, i.e., n(G) = h(G).

Proof: This is obvious because any orbit is compact, and therefore an action
in minimal dimension must be transitive. Any transitive (nontrivial) action is

almost effective since G is simple. |

LEMMA 6.5: Let G = HLI G; be a connected semisimple Lie group with finite
center. Let Q be a closed connected subgroup of G of codimension not greater
than h(G) + 1. Suppose Ng(Q) is cocompact in G. If Ng(Q) contains a simple
factor of G then so does Q.

Proof: We argue by induction on k. The case ¥ = 1 is trivial. Suppose the
lemma is true for I < k. Suppose Ng(Q) contains Gy. Let G' = Hf:z Gi, and let
7 : G = G1/(G' N G,) be the natural map. Since G) normalizes @, G; N Q and
7(Q) are normal subgroups of G; and G1/(G1NG"), respectively. If QNG = Gy
we are done. Suppose then that QNG = {e}. We consider the cases 7(Q) = {e}
and 7(Q) = n(G1) separately.
Suppose 7(Q) = {e}. Then @ C G'. We will show that
(1) codim(G’: Q) < A(G") +1,
(2) N/ (Q) is cocompact in G’, and
(3) Ng'(Q) contains a simple factor of G'.
It will follow by induction that @ contains a simple factor of G'.
To verify (2) simply note that G/Ng(Q) = G'/Ng(Q). For (1) we have

14 A(G") + h(G1) > h(G) + 1 = codim(G : Q) = dim(G) + codim(G’ : @),
from which it follows that

codim(G' : Q) < 1+ h(G") + (h(Gy) — dim(Gy)) < K(G"),
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the last inequality following from the fact that for any simple Lie group H,
h(H) < dim(H) — 1. Now (3) follows from the inequality codim(G' : Q) < h(G")
because Ng(GY) is cocompact in G and, by definition, h(G') is the minimum
codimension of a cocompact subgroup of G' which contains no simple factors of
G

Suppose now that 7(Q) = 7(G;). Let £ € G, be an element not in the
center and let ' be an element of G’ such that zz' € Q. Let k be an element of
G, which does not commute with z. Then hzz'h™? = hzh~ !z’ € Q (since Gy
normalizes Q), so hzh~1z' - (zz')~! = hzh™'z7! is in Q. This contradicts the

fact that @ N Gy = {e}. 1

THEOREM 6.6: Let G be a noncompact simple Lie group with finite center. Then
n(G) is the minimum codimension of a maximal parabolic subgroup of G. If G
acts almost effectively on a compact manifold M of dimension n(G) then M is a

finite equivariant covering of G/S for some maximal parabolic S C G.

Proof: The first assertion is that n(G) = h(G). Let S be a parabolic subgroup
of G of codimension h(G). Then G acts effectively on G/S, so n(G) < h(G). Let
G act almost effectively on a closed manifold M of dimension n(G). Let = be a
point in a minimal set of the action. Then Ng(G?) is a cocompact subgroup of

a parabolic subgroup S. Since
K(G) > dim(M) > codim(G : G;) > codim(G : Ng(G2)) 2 codim(G : §),

it follows that either S is a proper parabolic of maximum dimension or S = G.
In either case we must have Ng(G2) = S.

Suppose Ng(G%) = G. Then G = G, i.e., z is a fixed point. Let p be the
linear isotropy representation of G on T (M). By lemma 6.2, for every simple
Lie group G, n(G) < ®(G). It follows that p is trivial. By a theorem of Stowe
[15], every point in a neighborhood of z is a fixed point for G, and therefore G
acts trivially on M.

We may assume then that Ng(GY) = S, where S is a proper parabolic
of maximum dimension in G. In this case we find that dim(M) = A(G) and
G° = S°. The parabolic S has only finitely many connected components so G
is a subgroup of finite index in S. The G orbit through z is open since it is of
full dimension in M, and compact since G/S is compact. It follows that G acts

transitively on M, and

M =G/G, — G/Na(G°)
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is a finite equivariant covering. ]

Remark: It is often the case that for a simple non-compact Lie group G with
finite center, n(G) = n(K), where K is the maximal compact subgroup of G.
However, this equality does not always hold. For example, for G = SO*(2n),
n(G) = 4n — 7 (for n > 4). The maximal compact subgroup of G is U(n), and
n(U(n)) < 2n — 1 since U(n) acts effectively on S2*~1. |

THEOREM 6.7: Let G be a connected semisimple Lie group with finite center.
Write G = H:;l G, where Gi,...,G are the connected simple normal sub-
groups of G. Then n(G) = h(G). If G acts almost effectively on a closed
manifold M of dimension n(G), then the action is transitive and the isotropy
group is a cocompact subgroup of G which does not contain any simple factor of
G. If G has no compact factors then the isotropy group is a subgroup of finite
index in a parabolic subgroup of G, and n(G) = ZLI n(G;).

Proof: As in the preceding proof, we see that n(G) < h(G). Let G act almost
effectively on a closed manifold M of dimension n(G). Let z be a point in a

minimal set of the action. There are two possibilities:

(1) Ng(G?) is a cocompact subgroup of G containing a nontrivial connected
normal subgroup of G, or
(2) Ng(G?) is a cocompact subgroup of G which contains no nontrivial con-

nected normal subgroup of G.

If (2) bholds, then arguing as in the proof of the previous theorem we conclude
that GO is a subgroup of finite index in Ng(G?) and M is diffeomorphic to G/GY.
Thus to prove the theorem it suffices to show that (1) cannot hold.

We argue by induction on k. If k = 1 then G is simple and the theorem
follows if G is compact from lemma 6.4 and if G is noncompact from the preceding
theorem. Suppose the theorem is true for semisimple groups with fewer than k
factors. We suppose that (1) holds and derive a contradiction. By lemma 6.5, G2
contains a nontrivial connected normal subgroup of G, say G;. Let G' = Hf=2 Gi.
Let N be the set of fixed points of Gy. Then N is a closed submanifold of M
[15]. The submanifold N is G' invariant since G' commutes with G;. Moreover,
codim(M : N) > ®(G) since otherwise the isotropy representation of G; on the
normal bundle of N is trivial, and by [15] the action of G; on M would be trivial.
From the inequalities dim(M) < h(G) and h(G1) = n(G1) < &(G1), it follows
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that
dim(N) < dim(M) — (G1) < h(G) — h(G1) < R(G").

By the induction hypothesis it follows that G’ does not act almost effectively on
N, i.e., there is a simple factor of G', say G2, that pointwise fixes all of N. Let
G"= Hf=3 Gi. Then repeating the argument we find that

dim(N) < k(G) — h(G1G2) < h(G"),

and therefore G" does not act effectively on N. Continuing in this fashion we
arrive at the conclusion that dim(N) < 0, i.e., N = 0. This is a contradiction, so
(1) cannot hold. 1

COROLLARY 6.8: Let G be a semisimple Lie group with finite center. Then
®(G) > h(G).

Remark: If G = HL] G; has compact factors then it is not generally true
that n(G) = ELI n(G;). For example, for g = s0(4) we have n(g) = 3. But
s0(4) = 50(3)®so(3), and n(s0(3)) = 2. Although this example appears to be the
only way the equality n(G) = 3_ n(G;) can fail for semisimple groups, we will not
pursue this question further. Note however that the inequality n(G) < }_ n(G;)

always holds, even if the factors are not simple. 1

THEOREM 6.9: Let G = Hf=l Gi be a connected semisimple Lie group with
finite center acting on a closed manifold M of dimension n(G) + 1. Let K be a
maximal compact subgroup of G. Then M/K is homeomorphic to S, I, or a
point. In the first case the orbits of K fiber M over S*.

Proof: Let z be a point in a minimal set of the action. Then Ng(G?) is a
cocompact subgroup of G. There are two possibilities:

(1) Ng(G?) is a cocompact subgroup of G containing no simple factor of G.

(2) Ng(GY) is a cocompact subgroup of G containing a simple factor of G.
Suppose (1) holds. Then

codim(Ng(G2) : G) = codim(G : G2) — codim(G : Ng(G?))
< dim(M) - h(G)=1.

If G is not a cocompact subgroup of G then necessarily codim(Ng(G?) : G3) =
1, and the orbit through z is of full dimension in M and noncompact, which
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contradicts Lemma 1.16. We may assume then that GY is a cocompact subgroup
of G, of codimension < h(G) 4+ 1. We claim that K acts transitively on the G
orbit through z. This suffices (by Mostert’s theorem) to finish case (1), because
the G orbit through = has codimension 0 or 1 in M.

Write G = ([]{=; Gx) - H, where H is the maximal compact normal con-
nected subgroup of G. Then using the notation of Proposition 2.10, G2 = LY AN
for some closed subgroup Y C EH. Let K; be the maximal compact subgroup
of G;. Then K = ([I;_, K:) - H, and since K; acts transitively on Gi/L;A;N;, it
follows that K acts transitively in G/LY AN.

Now suppose (2) holds. Before proceeding with the proof, we describe
an example which the reader should keep in mind. Take the direct sum of the
standard representation of SL(2,R) with the trivial one-dimensional real repre-
sentation, and consider the associated projective action on RP2. This action
has exactly one fixed point. Now consider the action of SL(2,R) x SL(2,R) on
RP? x RP? obtained by taking the direct product of the previously described
action with the standard action of SL(2,R) on RP!. The fixed point set of the
normal subgroup {e} x SL(2,R) is a copy of RP’.

To continue with the proof of the theorem, note that by lemma 6.5, G
contains a normal subgroup of G; let G; be the largest normal subgroup of G
contained in G2, and let G' = Zg(G,) be the complementary subgroup. Let N
be the set of Gy fixed points. Then, reasoning as in the proof of 6.7, we conclude
that the normal isotropy representation of Gy is almost faithful, and therefore

that
dim N < dim M — 8(G1) < (h(G) +1) - ((G1) +1) < h(G").

If dim(N) < h(G'), then we may argue as in the proof of 6.7 to obtain a
contradiction. We may assume therefore that 2{(G') = dim N, and thus that
h(G1) +1 = ®(G). By corollary 6.3, G; must be simple. Moreover, G’ acts
almost faithfully on N (since G is the largest normal subgroup of G fixing z),
and therefore by 6.6, G' acts transitively on N with cocompact stabilizer. It
follows that K', the maximal compact subgroup of G, acts transitively on N.

Let K1 be the maximal compact subgroup of G; (if G; is compact we are
setting K; = G1). Then K, pointwise fixes N and therefore acts trivially on
T:(N). Let V C T;(M) be a Kj-invariant complement to T;(N). Note that
dimV = h(G;) =1 = ¥(G;). We now require
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LEMMA 6.10: Let H be a simple Lie group with finite center and L a maximal
compact subgroup. Let p be an almost faithful representation of H on a real
vector space W of dimension h(H} + 1. Then the L-orbits in W\{0} are spheres
of dimension h(H).

Proof: The action of H on the projective space P(W) is transitive: this follows
from 6.6 if H is noncompact and from the definition of h(H) if H is compact.
Moreover, in both cases L acts transitively on P(W). Since L leaves invariant
the metric spheres for some positive definite L-invariant bilinear form on W, it

follows that the nontrivial L orbits are spheres of dimension h(H). 1

As remarked above, the normal isotropy representation of G, at z is almost
faithful. From 6.10 it follows that the nontrivial K; orbits in V have dimension
h(G1). We now apply the differentiable slice theorem for actions of compact
groups [11]. It follows from this theorem that in a neighborhood of N the di-
mension of the orbits of K = K - K' is the dimension of N (the K orbit of z)
plus the dimension of the non-trivial orbits in the normal isotropy representation
of K. The former is h(G') and the latter is h(G) (because K; C K,). Thus
there are K orbits of dimension k(G') + h(G1) = h(G) = dimM — 1. Now we

can apply Mostert’s theorem to conclude the proof. |

Remark: The proof of the theorem shows that if G acts almost effectively on
a compact manifold of dimension less than ®(G), then there are no fixed points
for the action. Note that &(G) = n(G) + 1 for G = SL(n,R) and G = Sp(n,R).
In all other cases (G) > n(G) + 1. Both SL(n,R) and Sp(n,R) have actions in
dimension n{G) + 1 with fixed points. 1

THEOREM 6.11: Let G be a connected semisimple Lie group with finite center
acting almost effectively on a closed manifold M of dimension n(G) + 1. Let
M|/G be the orbit space of the action with the quotient topology. Then M/G
is obtained from S! or I by identifying possibly infinitely many connected, open

subsets to points. In particular, every G orbit is either compact or open.

Proof: If G acts transitively the assertion is immediate. Otherwise, M/K is
homeomorphic to S or I. There is a natural quotient map M/K % M/G which
commutes with the quotient maps p : M — M/K and s : M — M/G. The
G-orbits in M are connected, K-saturated subsets of M, so for any z € M,
p(G - z) is a connected subset of M/K. If p(G - z) is not a single point then it
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contains an open subset of M/K and therefore G - ¢ contains an open subset of
M, so G-z is open. Thus p(G - ) is an open connected subset of M/K, and
¢(p(G - z)) = 3(G - z) is a single point in M/G. 1

In the next section we construct, for any noncompact semisimple Lie group
G, a smooth action of G on a closed manifold of dimension n(G)+1 with infinitely

many open orbits. The following lemma shows that the open orbits may not
accumulate on a fixed point of the action.

LEMMA 6.12: Let G be a noncompact semisimple Lie group acting smoothly and
almost effectively on a closed manifold M of dimension n(G)+ 1. Let {z;}ien be
a sequence of points in M contained in distinct G orbits, and suppose the orbit
of each z; is open. Then every limit point of {z;}ieN is contained in a compact
G orbit of dimension n{G).

Proof: By Theorem 6.11, one sees that if z is a limit point of {z;}, then either
z is contained in a compact codimension one G-orbit (which coincides with a
K-orbit) or z is a G-fixed point. We will show that the latter is not possible.
Recall from the proof of 6.9 that if z is a fixed point then G is locally
isomorphic to either SL(n, R) or Sp(n, R}, and the isotropy representation p of G
on T;{M) is the “standard” representation. Let §) be a split Cartan subalgebra
of g, and H the connected subgroup of G with Lie algebra . Then p(H) has no
invariant lines, i.e., 1 is not an eigenvalue of p(H). Then by [7], z is a stable,
isolated fixed point of H. On the other hand, there is a sequence of closed G
orbits converging to z ( for each i choose a closed G orbit separating G - z; and
G - z;). The stabilizer of a point in each of these orbits is a maximal parabolic of
G, and therefore contains a conjugate of H. It follows that there is a sequence

of H-fixed points converging to z, which is a contradiction. |
7. Complements

COROLLARY 7.1: Let M be a closed two manifold admitting an effective action
of a simple non-compact Lie group G. Then M is homeomorphic to T?, 5% RP2,
or the Klein bottle. The group G is locally isomorphic to SL(2,R), SL(3,R),
SL(2,C), or SO(2,2). All of these groups have almost effective actions on S? and
RP2. Only SL(2,R) may act on T? and the Klein bottle.

Proof: By inspecting tables 1 and 3, one finds that G must be locally isomorphic
to one of the four groups listed. By theorem 6.9, if SL(2,R) acts effectively on
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a closed two manifold M, then M/SO(2) is homeomorphic to S?, I, or a point.
The last possibility obviously does not occur. By a result of Mostert [10], M
is homeomorphic to T?,S%,RP?, or the Klein bottle. Clearly, SL(2,R) has an
effective action on each of these manifolds.

Suppose then that G is one of the groups SL(3,R), SL(2,C), or SO(2,2).
Then by theorem 6.6, M is a finite covering of G/P for a maximal parabolic
P C G. One sees by inspection that M is either S? or RP2. ]

COROLLARY 7.2: Let M be a closed three manifold admitting an effective action
of a simple non-compact Lie group G. Suppose G is not locally isomorphic to
SL(2,R). Then M is homeomorphic to one of the following: $% x S, RP? x S,
5% x I/(z,0) ~ (—z,1), RP* § RP®, or S3/T, where T is a finite subgroup of
O(3). The group G is locally isomorphic to SL(3,R), SL(4,R), SL(2, C), SO(2,3),
SU(2,1), or SO(4,1). All of the manifolds listed admit an almost effective action
of SL(3,R).

Proof: Referring to tables 1 and 3 we find that G must be locally isomorphic
to one of the groups listed. We leave to the reader any subtleties involving finite
covers, and assume that G is in fact isomorphic to one of the groups listed. For
G = SL(4,R), SO(2,3), SU(2,1), and SO(4,1) we have n(G) = 3, and M is a
finite covering of G/S, where S is a maximal parabolic of minimal codimension
in G. It is straightforward to show that SL(4,R)/S = RP?, SO(2,3)/S = S? x
I/(z,0) ~ (-z,1), SO(4,1)/S = RP3, and SU(2,1)/§ = §°.

Suppose then that G is isomorphic to SL(3,R) or SL(2,C). Then by 6.9,
M/K is homeomorphic to S?, I, or a point. In the latter case K acts transi-
tively on M. Since K is isomorphic to SO(3) or SU(2), it follows that M is
homeomorphic to $3/T, where T' is a finite subgroup of O(3). We suppose then
that M/K is homeomorphic to either S or I. By a result of Mostert [10], M is
homeomorphic to S x §1, RP? x §', §2 x I/(z,0) ~ (-z,1), RP? § RP?, §?,
or RP3. We leave it to the reader to verify that all these manifolds admit an
almost effective action of SL(3,R). |

It is well known ([11]) that if a compact group K acts smoothly on a
compact manifold M then there is a real representation (p,V) of K and a K-
equivariant map ¢ : M — V. The following corollary gives an analogue for lowest
dimensional actions of semisimple groups.
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COROLLARY 7.3: Let G be a semisimple Lie group with finite center. If G
acts almost effectively on a closed manifold M of dimension n(G) then there
is a representation p : G —» GL(n,R), and a G-equivariant, finite-to-one map
¢: M — RP™L

Proof: By Theorem 6.7, the action of G on M is transitive and G, is of finite
index in Ng(G?). The group Ng(G?) is real algebraic, so by Chevalley’s theorem
there is a real representation p : G — GL(n,R) such that p(Ng(G?) is the
stabilizer in p(G) of a line L in R®. The p(G) orbit through L is a compact
submanifold of RP™~! diffeomorphic to p(G)/p(Ng(G?)), and the natural map

M = G/G; - p(G)/p(Nc(G3))
is a G-equivariant, finite-to-one embedding of M in RP™~!, i

Example 7.4: Let G be a noncompact semisimple Lie group. In this example,
we construct a smooth action of G on a closed manifold of dimension n(G) + 1
with infinitely many open orbits.

Let f be a smooth real valued function on S* with countably infinitely many
zeros. The vector field f% integrates to give a smooth action of R on S! with
infinitely many fixed points. Let P be a maximal parabolic of G, and p: P - R
a nontrivial additive character. We let P act on S! via p and the action of R
previously defined. Then the induced action of G on G x p S? has infinitely many
open orbits. If P is a parabolic of codimension n(G), then G xp S! is a closed
manifold of dimension n(G) + 1. |

Example 7.5: Retaining the notation of the previous example, we construct a
continuous action of G on a closed manifold of dimension n(G)+ 1 with infinitely
many open orbits accumulating on a fixed point. Let f be a smooth real valued
function on [—1,1] with countably many zeros accumulating at 1 and suppose
also that f(—1) = 0. The vector field f 7"; integrates to give a smooth action of R
on the open interval (—1,1). The manifold G xp (—1,1) has two ends, and the
action of G extends continuously to the closed manifold M obtained by taking
the one point compactification of each of the ends. The action of G on M has
infinitely many open orbits accumulating on a fixed point. |

In this paper we have considered only actions on compact manifolds. It is
reasonable to ask for the minimum dimension of a smooth manifold, not neces-

sarily compact, on which a connected Lie group G may act. This is equivalent
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to asking for the minimum codimension of a closed subgroup of G. The topic of
maximal subgroups of Lie groups has been studied by several authors (cf. [5],
[9]), and in particular it is known [12] that if G is real and semisimple then a max-
imal subgroup is either parabolic (and therefore cocompact) or reductive (and
therefore not cocompact). Since it is known what all the maximal subgroups of
real semisimple Lie groups are, it is possible in principle to compute the mini-
mum codimension of a subgroup. It appears to be the case that a subgroup of
minimum codimension is always parabolic, although we have not verified this.
Finally, we note that using Theorem 6.7 and results of Mostert one may
extend the results of this paper to compact manifolds with boundary, the principle
fact being that the boundary components are invariant. We state the relevant

theorem and leave the proof to the reader.

THEOREM 7.6: Let G = Hf___l G; be a connected semisimple Lie group with finite
center acting on a compact manifold M of dimension n(G) + 1. Then M has at
most two boundary components, each of which is of the form G/Q, where @ is a
cocompact subgroup of G which does not contain any simple factor of G. Let K
be a maximal compact subgroup of G. Then M/K is homeomorphic to S, I, or
a point. If the boundary of M is nonempty, then M /K is homeomorphic to I.

8. The tables
In table 1 we have listed the complex simple Lie algebras according to type. In

the column labelled “s” we have listed the maximal parabolics of minimal codi-
mension, the symbol s, denoting the parabolic s(IT\{a}) (see §2). The symbol
be(g) denotes the complex codimension of the maximal parabolic of minimum
codimension. The symbol ®(g) denotes the minimum real dimension of a faithful
real representation of g.

In table 2 we have listed the simple real, non-complex Lie algebras, along
with their Satake diagrams (cf. Definition 4.4). In the column labelled “s” we
have listed the maximal parabolics of minimal codimension, the symbol sz denot-
ing the parabolic s(II(g,a)\{@}). The symbol k(g) denotes the real codimension
of the maximal parabolic of minimum codimension.

In table 3 we have listed the simple real, non-complex Lie algebras, along
with their maximal compact subalgebras (in the column labelled “¢”). In the
column labelled “®(g)” we have listed the minimum real dimension of a faithful

real representation of g.
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Table 1
') Dynkin diagram 5 he(g) &(g)
an (n21) o ez " an Say)5an, n 2n+2
0 =0 —..— © D> o Say (n>2) _ 4n+2
bn (n22) ay a3 an_1 an Sa, (n=2) n-1 8
Cn (YIZ3) :‘ - aoz T ano_l = ao,. 5al 2" - 1 4n
00”_1
D (n>4) ST T T ans Say 2n -2 4in
"°2
t6 | SoysSag 14 54
0 =0 —0—0 =0
ag ag ay ag ay
e | Saq 27 112
:7 - :. - :; ao‘ B :3 - :l
s | Say 57 496
© =~ 0 — 0 = 0 — 0 — 0 - 0
ag ar ag ag ag oy ay
fa A $a1sSaq 15 52

g2 o€l SoysSas 5 14
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Table 2
g Satake diagram Dynkin diagram ] h(g)
sin+LR) & 78T T a mm T a SanSa. n
5‘(" + I,H) :1 - «oz - :s T “:n - "2:+| '«Toz - 504 T =:n 5a3, 5@, 4n
¢°1 _ aoz _ e "q.+1
|
L
! - =
mg?;g) . ?ox '°'q°- 1 ?o' Sa 2(p+q)"'3
P>q :
I
©o — 0 — — 0o — e
Cpal ap ap-1
T %ol 3, (4>2) 49-3
oa 2mmm o w2 @MY 9=
5]:(3’1?) 6 = o0 —.,.- o ) o femt e Sa, (¢=2) 4
q aze-1 *2¢-—-2 Sqtl
5“(?, 1) :1 - a.z - :3 - B "’.-1 - ao, :0‘ 531 217 =1
Q - ... 06 — L] - o= [ P P
s0(p,q) w1 g eem TR S A S s3, Pt+g—2
p2g>1
p+qodd
- - — > o
50(p, 1) ¢"01 :2 ; Eol Say r—1
P even
sp(mR) o T T T ey T s w5, e 8m  2m-1
a.1 - aoz - - - ag,
- — () = o
59(1’, Q) I ';2 T¢-2  Tan S5, 4(P+Q)—5
P>q o= & —~..—0— 0
an Gna-1i *2¢41
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g Satake diagram Dynkin diagram S k(g)
® — 0 —0— .. ~0~0& O 0 =—...— 0 <& o =, (1>2) 8¢—5
s - @ a 2 T Ean
psg,lq) 1 2 2¢ 2 2q~-2 2 a‘ (q=2) 10
OCag_y 0'&"_1
so(g,q) oo S sm 242
924 Oag 0'5'
oa,
- - - o - - _0o = o
50(‘1 +2, q) :1 :2 ° 3 Sg-1 Ty o 2q
q>l °°q+l
Oag_l
s0(p, q) 6 —..0— o —..® L2~ _0 =0 — 2
P q ay ag  ag4 @ Gg-1 oq o pt+q-
Pp—2>¢>1 .‘"?
p+gq even
oy,
° ¢ —...—0 a%—l °
50(’;,11) @y  ag R T 5a p-= 1
P *p41
p odd L.;_
Sa,_q
50'(271) :1 - :2 - :s — e —0 a"z - - E"o—2 < 2 ” 4n—7
n>3 Oay,
n even
Cap_ 1
- P - - o - - o L= [
so:(>23n) ST = s T, &, dn—T7
Oa
n odd "
© az o a3
I
¢6(6) 6 — 0 —0 — 0 — o0 o—o—cl)—o—o 5a,y5a, 14
ag ay agq ag o =g oy a4 a3 31
(-] az
0 — 0 => 0 =~ 0
¢6(2) 06— 60 —0 — 0 —o T T4 @3 & 55, 21

ag ag L2 ag ay
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g Satake diagram Dynkin diagram s  h(g)

0 as
I o =0 _
‘6(14) 0O ~— & — 6 — ¢ — O a2 ay 503 21
ag @y a4 ag  ay
® agy
] ° = o e
€6(~26) o — o — o — o — o 1 6 $&,,9a 14
ag ag oy ag  ay
o az °o &z
| i _
¢1(7) 0 — 0 — 0 =0 — 0 = 0 © — 0 —0=—0 — 0 —o0 Sa; 27
ay ag ag ay ag ay a7 T ag a4 a3 &y
* oy
| 0 -0 =>0 -0 _
¢7(-s5) ¢ -0 ~® -0 — 0 — o0 @ T3 dg T S& 33
a7 ag ag a4 ag  ay
® aj
| o — o0 <« o _
€7(-25) 0 — 0 — @ — 8 — & - 0 @ T a7 Sa; 27
ay ag ag oy a3 ay
° az LY
| ! -
¢3(3) 0 -0 =0 =—0=——0 —0—0 ©0=0=—0=0=0 — 0 =0 os 57
ag a7y ag ag a4 a3 ay Gy BTy Tg Gdp Bve w3 W@
® a3
| 0~ 00 ~o0 _
€5(—24) 0 — 0 — 0 — ¢ —@ - ¢ =0 s Ty T =W 53, 57
ag ay ag ag ay ay ay
¢ — 0 = 0 ~ o 0 — 0 = 0 - 0 _
f‘(l) @y ag az agy T Ty T 55,,5G, 15
* — ¢ > e —~o0 K _ 15
f4(—20) a; a3 a3z a4 a4 -
o € o o &€ o - -
82(2) a1 ey @ & $3,,5a; 5
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Table 3
Type 9 ¢ h(g) %(g)
Al sl(n,R) so(n) n-1 n
_ 4n (n>2)
All sl(n,H) sp(n) 4n —4 6 (n2)
2p+q)-3 4(p+q)
Al su(p,q) s(u(p) xu(q)) r.0)#(2.2) (p+g>4)
29> 4 (p=¢=2) 6 (p+¢=3.4)
P+q—2
BDI so(p,q) so(p) xso(q) ((re)#(3.3) p+gq
(p+e>4) 3 (p=g=3)
4n — 7 (n>4) 4n (n>4)
DIII 50'(211) u(n) 3 (n=2) 6 (n=2)
6 (n=4) 8 (n=4)
CI sp(n,R) u(n) 2n -1 2n
4(p+qg)-5
CII  sp(p,g) sp(p) xsp(e)  ((p.0)#(2,2)) 4p+q)
p+¢>3 10 (p=¢=2)
EI €6(6) 5p(4) 14 > 27

ElI €5(2) su(6) x su(2) 21 >27
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Type g t h(g)  %(g)
EIII €6(14) 50(10) x s0(2) 21 >27
EIV ¢6(—26) fa(—s2) 14 >27
EV (1) su(8) 27 > 56
EVI e7(—5) 50(12) x su(2) 33 > 56

EVII €7(-25) e5(—78) X 50(2) 27 > 56

EVIII ey 50(16) 57  >248

EIX €3(-24) €7(-133) X 511(2) 57 > 248

FI faga) sp(3) x su(2) 15 > 26

FII f4(_20) 50(9) 15 > 26

G 82(2) su(2) x su(2) 5 >7
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